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Abstract We have performed extensive Monte-Carlo

computer simulations of the 2-parameter Weibull statistical

distribution using data groups with sizes from 5 up to 100

samples. The maximum-likelihood method was used to

evaluate the resulting Weibull modulus and the scale

parameter, which may be different to the input values.

We confirmed some trends in the evaluation of the statis-

tical parameters for small data groups, such as a significant

biasing of the Weibull modulus. We revealed the log-

normal statistical distribution of the Weibull parameters

obtained from repeated Monte-Carlo simulations for sev-

eral groups. We also considered the influence of the mea-

surement uncertainty on the determination of the statistical

parameters. For the experimental evidence we used bend-

strength data for alumina test samples from serial produc-

tion in this year. The experimental data were randomly

divided into several subgroups to compare the corre-

sponding biasing of the Weibull modulus with the Monte-

Carlo results.

Introduction

The strengths measured in typical mechanical tests for

brittle materials, such as ceramics, result in a Weibull

statistical distribution [1]. Usually, the 2-parameter

Weibull distribution is used, although in many cases the

application of 3-parameter Weibull statistics or Weibull

statistics corresponding to two or more different fracture

modes is more appropriate [2–6]. The inherent scattering of

the experimental strength values for different test samples

is characterized by the Weibull modulus, and while the

estimation of the scale parameter is usually accurate, the

uncertainty of the Weibull modulus may be large.

Different calculation methods may be used to evaluate

the Weibull parameters, e.g., the linear regression (LR)

method and its variants, the maximum-likelihood (ML)

method, a direct calculation from the mean value and

the standard deviation of the strength of several samples

(the moments method), etc. Each of the methods has its

benefits and drawbacks [7, 8]. The validity of the Weibull

parameters’ estimations has been extensively investi-

gated experimentally and theoretically. For instance, some

authors tested the idea of dividing several measured

strength values of ceramic materials into random smaller

subsets to study the corresponding statistical distribution of

the Weibull parameters [4, 5, 8–10]. They found a good

agreement in the variation of the scale parameter with

previous theoretical predictions, but the agreement for the

Weibull modulus was worse and this was attributed to the

deviation of the strength statistics from ideal Weibull

statistics.

Monte-Carlo simulations are very useful tool for pre-

dicting the reliability of various estimation methods and

their optimization [7, 8, 11–19]. The distribution func-

tions of the estimated Weibull parameters from several
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Jožef Stefan International Postgraduate School, Jamova 39,

1000 Ljubljana, Slovenia

M. Ambrožič
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Monte-Carlo repetitions were proved to be log-normal

[11–14, 20]. There is also a significant biasing, i.e., an

under- or over-estimation of the Weibull parameters on

average, depending on the size of the test group and the

method used. Using different weight factors for different

data points in the weighted LR method [7, 11, 21, 22], or

improving the probability estimators (mainly adapting

them to different data group sizes) [7, 17, 23] can reduce

the biasing and/or the width of the probability distribu-

tion, in particular the distribution of the Weibull modu-

lus. Among the different methods, the ML method is a

standard method due to its efficiency and its ease of

application when censored failure populations are

encountered [24]. Since this method has proved to be

particularly suitable, several variants of it have been

proposed and tested, for instance the generalized maxi-

mum-likelihood method (GMLE), which uses various

rank estimators [25–27].

In our previous article we treated the reliability of the

Weibull parameters’ estimation by using the LR method. In

particular, we found that this method underestimates the

Weibull modulus (in dependence of the chosen rank esti-

mator) [28]. The results of the Monte-Carlo simulations of

the data were supported qualitatively with experimental

data, i.e., by almost 500 measurements of the strength

of fiber-cement roofing sheets from serial production

(although there was some quantitative disagreement

between the theory and the experiments).

In this study we analyze a large amount of Monte-Carlo

data and estimate the Weibull parameters using the ML

method. In addition, we use the results of measurements of

the four-point bend strength of 96% alumina samples from

the serial production. We divide the strength values into

random smaller subgroups. The corresponding distribution

of the Weibull parameters is compared to Monte-Carlo

simulations. One of the aims of this research was to con-

firm the expectation that the estimated Weibull parameters

for several sample groups of finite size according to the ML

method obey the log-normal distribution. Finally, the sig-

nificance of the measurement uncertainty to the statistical

results is evaluated.

Statistical model

Let our statistical variable be the four-point bend strength

(called strength for brevity), r, with the probability density

function p(r). The cumulative probability function, also

called the unreliability function, is defined as: PðrÞ ¼R r
0

pðxÞdx. In the case of the 2-parameter Weibull statistics,

the functions p(r) and P(r) are equal to:

pðrÞ ¼ m

r0

r
r0

� �m�1

exp � r
r0

� �m� �

ð1aÞ

PðrÞ ¼ 1� exp � r
r0

� �m� �

; ð1bÞ

with the Weibull modulus m and the scale parameter r0.

While various linear regression (LR) methods are operating

with the function (Eq. 1b), the ML method uses directly

(Eq. 1a) [7]. Here, we focus on the ML method.

After measuring (or simulating) N strength values, ri,

i = 1 to N, the data are inserted into the probability density

function (Eq. 1a). The ML procedure maximizes the

following function with respect to the free parameters

m and r0:

Y ¼ ln
YN

i¼1

pðm; r0; riÞ
 !

¼
XN

i¼1

ln pðm; r0; riÞ: ð2Þ

When the derivatives of Y with respect to m and r0 are set

to zero, the following pair of equations is obtained:

1

m
¼

XN

i¼1

ln ri � rm
i

 !

=
XN

i¼1

rm
i

 !

� 1

N

XN

i¼1

ln ri; ð3aÞ

r0 ¼
PN

i¼1 rm
i

N

 !1=m

: ð3bÞ

In practice, Eq. 3a is first numerically solved for m and

then r0 is calculated from Eq. 3b.

Knowing the Weibull parameters one can calculate

various statistical parameters, for instance, the theoretical

mean value hri of the strength and its standard deviation

dr, corresponding to the limit N ? ?, and compare them

to the actual values, hri N and drN, for a finite sample

group of size N. The relevant formulae are:

hri ¼ r0 � C 1þ 1

m

� �

ð4aÞ

dr ¼ r0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C 1þ 2

m

� �

� C2 1þ 1

m

� �s

; ð4bÞ

where C ¼
R1

0

tx�1e�tdt is the gamma function, and:

hriN ¼
1

N

XN

i¼1

ri ð4cÞ

drN ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

N

XN

i¼1

ðri � hriNÞ
2

vu
u
t : ð4dÞ

It is supposed that the distribution of the estimated values

of the parameters is log-normal. This means that if there
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are several groups of size N of independent experimental

(or Monte-Carlo generated) data, and for each group

different values of m and r0 are obtained, the resulting

distribution of their natural logarithms is Gaussian:

pðln xÞ ¼ 1

w
ffiffiffiffiffiffi
2p
p exp � 1

2

ln x� a

w

� �2
 !

; ð5aÞ

where x stands for either m or for r0. Here, w is the half-

width (standard deviation) of the Gaussian curve centered

at a. The log-normal distribution (Eq. 5a) can be written

directly as:

pðxÞ ¼ pðln xÞ � dðln xÞ
dx

¼ 1

w
ffiffiffiffiffiffi
2p
p

� x
exp � 1

2

ln x� a

w

� �2
 !

; ð5bÞ

which may be significantly asymmetric, depending on

w. Three characteristic statistical parameters may be

defined with the distribution (Eqs. 5a, 5b): the mean value

(xmean), the median (xmed) and the mode (xmode). The

simplest to obtain is the median: P(xmed) = �, according to

the cumulative probability function of (Eqs. 5a, 5b), that is

xmed ¼ expðaÞ: ð6aÞ

This value corresponds to the peak of ln x (Eq. 5a). The

mode xmode is defined as the value where the direct

distribution function (Eq. 5b) has its maximum, while

xmean is the usual mean value of x according to (Eq. 5b).

There are simple relations between these three parameters

for the distribution (Eqs. 5a, 5b):

xmode ¼ xmed � expð�w2Þ; ð6bÞ

xmean ¼ xmed � expðþw2=2Þ; ð6cÞ

thus the inequality xmode \ xmed \ xmean holds. The larger

the half-width w, the larger is the difference between the

three parameters. Here, we are mostly interested in the

mean value and the median according the log-normal dis-

tribution of the Weibull modulus, since these parameters

can be calculated simply by statistically averaging the

Weibull modulus or its logarithm, respectively (see

Eqs. 8a, 8b, and 8c in the discussion below).

Strength measurements

Rectangular alumina samples (sintered at 1640 �C for 3 h)

with dimensions 4 9 3 9 50 mm were subjected to the

four-point bending test with an inner span of 20 mm and an

outer span of 40 mm. The four-point test was conducted

according to the ASTM standard test [29]. The bend

strength of each sample was calculated from the testing

geometry and the breaking force. In this year, a little more

than a thousand samples were broken for all the batches,

where each batch typically contained 12 measurements.

For the presentation in this article we chose chronologi-

cally the first 1000 strength values, which were subse-

quently statistically analyzed.

Statistical simulations

For the comparison we use two different approaches to

model or evaluate the effects, such as biasing the Weibull

modulus on average, when using the ML estimation, either

an experimental or simulated data, as described below. In

both the cases we first choose the size of the test group

N (i.e., N samples in the group). To obtain an appropriate

statistical evaluation we take several, i.e., Nrep, different

groups of N samples; typically Nrep = 104–106. For each

group we obtain a pair of Weibull parameters using the ML

method. Since the groups differ from each other, we obtain

Nrep different pairs of m and r0. For additional control, the

third procedure is also used (see subsection ‘‘Hybrid

method: mixing a finite number of MC data’’, below),

which is a hybrid of both approaches.

Generating data by random generator (Monte-Carlo

simulation)

We generate the Monte-Carlo (MC) data for the strengths

using the prescribed input Weibull parameters minp and

r0,inp. A ‘‘random’’ strength is calculated from the given

random number 0 \ r \ 1, using Eq. 1b, by:

r ¼ P�1ðrÞ ¼ r0;inp � ln
1

1� r

� �� �1=minp

: ð7aÞ

We can also simulate the measurement uncertainty by

taking the Gaussian distribution of the measurement errors:

pðDrÞ ¼ 1

wMU

ffiffiffiffi
2p
p expð� 1

2
ð Dr

wMU
Þ2Þ, where Dr means the error

of the individual measurement and wMU is the measure-

ment uncertainty. We include the measurement errors in

the MC simulation by:

r ¼ r0;inp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ln
1

1� r1

� �
minp

s

� wMU � erf�1ð 2r2 � 1j jÞ;

ð7bÞ

where r1 and r2 are the two independent random numbers.

In the second term the negative or positive sign is chosen,

whether r2 \ 0.5 or [0.5, respectively. For convenience,

we calculated numerically in advance the error function

erfðxÞ ¼
ffiffi
2
p

q R x
0

expð�t2=2Þdt for a dense grid of the

independent variable x.
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Mixing experimental data using a computer random

generator

The procedure of dividing the experimental data into

smaller random subsets (subgroups) was used before, for

instance in Ref. [4]. For a chosen group size N we use a

random-number generator to ‘‘shuffle’’ the Nexp experi-

mental strength values and pick N values from them.

Since the number Nexp of experimental data is limited,

the method of mixing experimental data itself seems at first

sight to be very limited, in comparison to generating all the

data with the random generator described above. But this is

not actually the case. Having, for instance, only Nexp =

100 and N = 50, we can make 100!/(50!�50!) combinations

for different groups (each with a different pair of Weibull

parameters), practically an infinite number. But there is in

any case one important limitation: extreme (very large and

very small) strength values are usually missing in the

experimental data, while in the theory they are possible. As

a consequence, the range of strength values in any subset is

limited by the smallest and the largest value of the entire

experimental set, irrespectively of the number of subsets.

Another aspect of this problem is the fact, that even for

very large number of measurements extreme strength

values, hypothesized in the theory, are rather unrealistic—

such values have never been observed.

Hybrid method: mixing a finite number of MC data

In this control method we first generate a finite number

(Nexp) of MC data in the same way as described in sub-

section ‘‘Generating data by random generator (Monte-

Carlo simulation)’’, instead of taking real Nexp experimental

values. An additional procedure of dividing the MC data

into smaller random subsets (subgroups) is subsequently

done in the same way as for the experimental data.

Results and discussion

Monte-Carlo data generation without measurement

uncertainty

First, we took various pairs of the input parameters minp

and r0,inp (the latter in arbitrary units) as well as different

size groups N to obtain some general findings. In this step

the measurement uncertainty wMU is set to zero. The rep-

etition number Nrep between 104 and 105 already gives

good representative statistics, but to be more certain about

the results we sometimes used a few millions of repetitions.

Some general expectations were confirmed:

1. The distribution of the values of the Weibull modulus

m is independent of the input scale parameter r0,inp,

but, on the other hand, the input Weibull modulus minp

influenced the statistics of the scale parameter. Both

distributions, for m and r0, fit the log-normal distri-

bution (Eqs. 5a, 5b) very well.

2. The ML method, on average, overestimates the

Weibull modulus. Both the shift of the peak with

respect to the input Weibull modulus (i.e., the differ-

ence a - ln minp) and the half-width w in the

distribution (Eqs. 5a, 5b) depend only on the group

size N but not on minp and other parameters; the shift

and the half-width decrease rapidly with increasing N.

3. On the other hand, the scale parameter is slightly

underestimated, but this difference can be neglected,

except for the smallest input Weibull modulus. The

corresponding half-width of the Gaussian distribution

of ln r0 depends not only on N, but also on minp. The

relative width in the distribution of the scale parameter

can be neglected in comparison with that of the

Weibull modulus.

Since the distribution function of the scale parameter is

relatively narrow and the underestimation of its most

probable value is small, we will focus mainly on the dis-

cussion of the distribution of the Weibull modulus. We can

conveniently estimate the ‘‘best value’’ of m after several

repetitions Nrep in two characteristic ways. The first method

corresponds to the most probable value of ln m corre-

sponding to the peak of the distribution function (Eq. 5a),

i.e., the median (Eq. 6a):

hmLNi � expðhln miÞ: ð8aÞ

In (Eq. 7a) the brackets h…i denote statistical averaging.

The index ‘‘LN’’ means averaging of the logarithms of m,

in contrast to the usual (direct) averaging of m according to

the mean value:

hmDIRi � hmi: ð8bÞ

In accordance with this notation, we rewrite Eq. 6c:

hmDIRi ¼ expðw2=2Þ � hmLNi ð8cÞ

and this was confirmed by our simulations.

Because of equal shifts of the logarithms for all the input

values of minp, we can state that the logarithmically aver-

aged value of m in Eq. 8a differs from input m by the

common ‘‘bias’’ factor k1(N):

hmLNi ¼ k1ðNÞ � minp: ð9aÞ

We can define a similar bias factor for the direct averaging

of m:

hmDIRi ¼ k2ðNÞ � minp: ð9bÞ
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The factor k2(N) is larger than k1(N) by the factor

exp(w(N)2/2) according to Eq. 8c. They differ significantly

only for the small group size N, where the half-width w in

Eqs. 5a, 5b and 8a, 8b, 8c is considerable (Fig. 1).

Our finding that the statistical distribution of the ratio

m/minp is independent of the choice of particular values of

the input Weibull parameters is in agreement with the results

of other authors [11, 12], but this does not hold for the

moments method [7]. As regards the biasing of the averaged

Weibull modulus, other authors, for instance Peterlik, Or-

lovskaja et al. [4, 5], also found that the ML method over-

estimates the average Weibull modulus, while the scale

parameter is slightly underestimated. On the other hand, the

LR method with some frequently used, simple formulas for

the median ranks tends to underestimate the Weibull mod-

ulus [7, 8, 25]. Much effort has been invested in optimizing

the different estimation methods, in particular minimizing

the biasing of the Weibull modulus [7, 8, 11–19].

The obtained values of the biasing factors, such as k1 or

k2, with the help of Monte-Carlo simulations are useful,

since by knowing them the experimentalist can correct

(unbias) the ML estimations of the Weibull modulus from

the experimental data. The simple idea is to divide the

calculated Weibull modulus by the biasing factor to obtain

a ‘‘more correct’’ (unbiased—UB) value. To follow the

discussion from the experimentalist’s point of view, let us

denote the true (unknown) value of m for large collection

of data just by minp (in the spirit of the input parameter for

Monte-Carlo simulations). The estimated value for one test

group is just m and the corresponding unbiased value is

mUB = m/k(N). Of course, the correction with k does not

ensure exact matching of mUB with minp just for one group,

but lowers this deviation on average (for several test groups

chosen from the same large collection of data). The ques-

tion arises as to which bias factor (:unbias quotient) is

more appropriate to use: k1, k2 or some other. This depends

on the unbiasing criterion. If one wants to eliminate the

sum of errors mUB-minp (but not the sum of their absolute

values, see Eq. 10a below) for several test groups, the

unbias quotient k2 is the right choice. In fact, we have

verified that the tabulated unbias factors in the standard

ASTM C 1293—95 [24] for different N agree very well

with our k2; in the standard the corresponding multiplica-

tion with 1/k2 is used, so the unbias factors are smaller than

one. However, there are objections against the use of

unbias factors in the literature (see the comments below).

But what if one uses different criteria for the error in the

evaluation of the Weibull moduli? Let us define three

criteria of the relative error for a comparison:

e1 ¼
hmUB � minpi
�
�

�
�

minp

ð10aÞ

e2 ¼
h mUB � minp

�
�

�
�i

minp

ð10bÞ

e3 ¼
hðmUB � minpÞ2i1=2

minp

: ð10cÞ

Only the error e1 can become zero for mUB = m/k2(N) and

for several test groups (or large Nrep in the Monte-Carlo

simulation) since individual errors can have both signs and

cancel. The other two error estimations, which are more

common, are always positive.

In the next step of the Monte-Carlo simulations we

relaxed the unbias quotient k, which can take continuous

values other than the ‘‘optimal’’ value k2(N). We calculated

the three errors (ten) for three different values of N. We did

many repetitions Nrep to obtain a very accurate statistical

averaging h…i of the individual errors. The results are

shown in Fig. 2. The minima of the errors e2 and e3 are

shifted to higher k factors with respect to the factor k2 from

the standard that annihilates the error e1. Thus, when dif-

ferent criteria for the error in the determination of the

Weibull modulus are preferred, other unbias factors should

be taken instead of the standard ones. Even more, Song et al.

[17] warn against uncritically using different correction

factors to the Weibull parameters from experimental data:

when only one set of strength data is available, the cor-

rection factors should not even be applied. Although some

standards, like ASTM C 1239—95 [24], demand the unbias

factors in every case, this is questionable. This dilemma can

be appreciated by not using the unbias factor to ‘‘correct’’

Fig. 1 Solid lines: the dependence of MC bias factors k1 and k2 for

m on N (solid lines). Other testing parameters: Nrep = 105, minp = 10,

r0,inp is arbitrary. The coefficients k2 from mixing 1000 experimental

strengths (dashed line) and from hybrid method of mixing 1000 MC

strengths (dotted line) are added for comparison

1866 J Mater Sci (2011) 46:1862–1869
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the Weibull parameters for one set of experimental data;

instead of this, the estimated values of these parameters

should be accompanied by 90% confidence intervals.

Monte-Carlo simulations considering measurement

uncertainty

Only when wMU becomes comparable to dr does the

measurement uncertainty influence the statistical results

significantly, as has already been reported in our previous

article where the LR method was used. The (virtual)

decrease of m with increasing wMU was to be expected

since the measurement uncertainty widens the strength

distribution function, in a similar way as a lower m would

do. Here, we must emphasize that although wMU has been

incorporated into the simulation by (Eq. 7b), the inverse

procedure of getting the Weibull parameters from the

Monte-Carlo force data is still based on the function

(Eq. 1a) for an exact measurement. The ratio between the

virtual and the input Weibull modulus as a function of the

ratio of the measurement uncertainty and the virtual stan-

dard deviation of the strength has been calculated in the

following way. The obtained averaged modulus hmDIRi is

first corrected, i.e., divided by k2(N), to obtain the unbiased

mMU, which is still burdened with the measurement

uncertainty error. Next, the standard deviation dr of the

strength (Eq. 4b) is calculated for this mUM and for the

input scale parameter r0,inp (since the output value of the

scale parameter differs negligibly from the input value both

for ML biasing and the measurement uncertainty contri-

bution). The mMU/minp dependence on wMU/r0,inp or on

wMU/dr is shown in Fig. 3 for minp = 5 and 15 and

for N = 5 and 30. The curves for the different minp and

N differ from each other and it would be impractical to use

them in experiments for ‘‘unbiasing’’ m with respect to the

measurement uncertainty. We would obtain similar curves

if we took the normalization wMU/drN (according to

Eq. 4d and averaging such standard deviations over

Nrep) instead of the theoretical wMU/dr on the horizontal

axis. However, we have checked that the following rela-

tion holds quite well, even for a large measurement

uncertainty:

Fig. 2 The three relative statistical estimation errors as functions

of unbias quotient k (so that mUB = m/k for each group); other

parameters: Nrep = 2�106, minp = 10, r0,inp is arbitrary, N = 5, 10,

and 15 (indicated on graphs). Errors: e1 (Eq. 10a, solid lines), e2

(Eq. 10b, dashed lines), e3 (Eq. 10c, dotted lines)

Fig. 3 Dependence of mMU/

minp on wMU/r0,inp a or wMU/dr
b for minp = 5 (solid lines) and

15 (dashed lines) and for N = 5

and 30. Other parameters:

Nrep = 106, r0,inp is arbitrary.

Approximate matching of the

curves for minp = 5, N = 30

and minp = 15, N = 5 in b is a

coincidence
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C 1þ 2

mMU

� �

� C2 1þ 1

mMU

� �

¼ C 1þ 2

minp

� �

� C2 1þ 1

minp

� �

þ wMU

r0;inp

� �2

; ð11Þ

i.e., the squared standard deviation of the strength

according to the virtual mUM is the sum of squared standard

deviations for the input (real) Weibull distribution and for

the Gaussian measurement error distribution. Equation 11

can thus be useful for experimentalists. First, the parame-

ters m and r0 are obtained for real experimental data with

the group size N. Next, m should be unbiased by dividing it

with k2(N) to obtain mMU. This value is inserted into

Eq. 11, which is subsequently solved for the real parameter

m (in the experiment m and r0 sit on the right-hand side of

the equation instead of minp and r0,inp).

Mixing experimental data

In the next step we ‘‘shuffled’’ well the 1000 experimental

strength values using a random generator. The ‘‘true’’

values of the Weibull parameters were taken from the ML

estimation for all 1000 values, since for N = 1000 both the

bias and the width w of the distribution (Eqs. 5a, 5b) are

very small. These (‘‘true’’) values correspond to the input

values for the Monte-Carlo data generation, and they are

minp = 9.08, r0,inp = 316.48 MPa. For comparison, we

calculated the Weibull parameters for all 1000 experi-

mental strength values with the LR method using the

simple rank-estimator function:

Pi ¼
i� 0:3

N þ 0:4
; ð12aÞ

which is often used in the literature [13, 17]. Several other

rank estimators are mentioned in the literature [13, 17–19,

30], but for very large data sets, such as ours, any of them

is applicable. We did not bother about choosing the most

optimal of them, because in this investigation we focus

on ML method, which does not use such estimators.

We obtained the values m = 9.11 and r0 = 316.48 MPa,

with the correlation coefficient of 99.84% (we use the

regression on y-coordinate, i.e., minimizing the sum of the

squares of vertical distances of data points from the straight

line, see Ref. [28]). This is in a good agreement with the

ML estimation. Figure 4 shows a plot of 1000 experimental

measurements (diamond points), where quantities on x and

y axis are ln(r) and ln(ln(1/1-P)), respectively, so that

weibull distribution follows a straight line. The fitting lines

of ML and LR are so close together, that they are indis-

tinguishable from each other, therefore only one line is

drawn. A significant deviation of a few experimental data

points for the lowest values of the strength from the straight

line in the linear diagram in Fig. 4 are only artefacts of the

style of data plotting—the deviations are largely stretched

for low values of P.

Different group sizes N were considered systematically

again and the N values were randomly selected from

Nexp = 1000 values in each repetition. The bias factors k1

and k2 were calculated again and we found that they are

slightly higher than those from the pure Monte-Carlo

simulations above. The distribution of the values of both

Weibull parameters fit the log-normal function very well,

as for the Monte-Carlo generated data. The relation

k2(N) = k1(N)�exp(w(N)2/2) still holds well. Thus, working

with experimental data confirms the theoretical expecta-

tions for most points, except that the factors k1 and k2 are

not exactly the same as theoretically predicted. For evi-

dence and a comparison only the factor k2,exp(N) corre-

sponding to experimental version of Eq. 9b is shown in

Fig. 1 (dashed line).

Finally, we performed the hybrid procedure described in

subsection ‘‘Hybrid method: mixing a finite number of MC

data’’. We generated the 1000 pieces of data for the

material strength using some input Weibull modulus,

e.g., 10 (there is only one repetition now). We stored these

values in the file, as if they were real experimental data,

and we subsequently used the mixing method described

above. We found that the bias factor k2 is similar to that

obtained in the usual MC simulations described in sub-

section ‘‘Generating data by random generator (Monte-

Carlo simulation)’’ (dotted line in Fig. 1). When we

repeated the whole procedure on another set of 1000 MC

Fig. 4 Strength distribution of 1000 experimental measurements

(diamond) and fitted Weibull distribution—solid line, which repre-

sents fits from both ML and linear regression technique
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data, the result was almost the same. We concluded that

mixing a finite number of data (either experimental or MC

data) is not problematic if the data correspond well to the

Weibull statistics.

There is a possible plausible explanation for the slight

difference between the factors k2 from the three methods.

First of all, biasing of k2 for N = 1000 is not the right cause

because it is too small: k2(1000) = 1.003 according to the

method ‘‘Generating data by random generator (Monte-

Carlo simulation)’’. One reason for the deviations may be

possibly non-ideal Weibull distribution. Another reason is

a small but still non-negligible standard deviation in the

distribution of the logarithms of m: Monte-Carlo simula-

tions give w = 0.25 in the distribution (Eq. 5a, 5b) for

N = 1000. This means that the estimated m from the 1000

samples is in the range from 97.6 to 102.5% of its ‘‘true’’

value (corresponding to ‘‘Hybrid method: mixing a finite

number of MC data’’ or to hypothetical experimental dis-

tribution with infinitely many samples) with the probability

of about 2/3. These differences in the estimated m are

directly manifested in the differences in k1 and k2. But the

most probable reason seems to be the fact that particularly

experimental data lack the theoretically possible very low

and very high strength values, as mentioned above.

Finally, we mention the comparison of fitting experi-

mental data to Weibull and other generally known distri-

butions, such as Gaussian. This can be done by comparing

the goodness of resulting fit parameters [31]. We have used

the LR method to fit the 1000 experimental strength values

to Gaussian distribution and obtained the correlation

coefficient 98.89% (compared to 99.84% for Weibull dis-

tribution, see above). This difference is too small to dis-

regard distributions other than Weibull. There are some

reasonable objections against the non-critical use of the

Weibull distribution. For instance, this distribution is the-

oretically based on the power-law distribution of the flaw

sizes in the specimens which validity may be very limited,

particularly in the limit of very small flaws [30].

Conclusions

We found that the distribution of both Weibull parameters

using the ML estimation on either Monte-Carlo or mixed

experimental data agrees well with the log-normal distri-

bution. The biasing of the Weibull parameter is significant

for smaller sizes of the data group, but the Monte-Carlo

and experimental data result in slightly different bias fac-

tors. We have pointed out that the evaluation of the unbi-

asing factors for the Weibull modulus must be done very

carefully, according to the preferential criterion of the

estimation accuracy. We also showed that the measurement

uncertainty can be included in the estimation procedure

well by the rule of adding the squares of errors of different

origin.
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